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Generic and Explicit Realization of Small p-groups
ARNE LEDET
Department of Mathematics and Statistics, Queen’s University, Canada
We prove the existence of a generic polynomial for the Heisenberg group Hp3 over a
field of characteristic not p, where p is an odd prime.
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1. Introduction
Definition 1.1. Let P (t, X) be a monic polynomial in K(t)[X], where t = (t1, . . . , tn)
and X are indeterminates, and let M be the splitting field of P (t, X) over K(t). Suppose
that P (t, X) satisfies the following conditions:
(i) M/K(t) is Galois with Galois group Gal(M/K(t)) ' G, and
(ii) every Galois extension M/K with Gal(M/K) ' G is the splitting field of a poly-
nomial P (a, X) for some a = (a1, . . . , an) ∈ Kn. Then we say that P (t, X) param-
etrizes G-extensions of K, and call P (t, X) a parametric polynomial.
The parametric polynomial P (t, X) is said to be versal or generic, if it satisfies the
following additional condition:
(iii) P (t, X) is parametric for G-extensions over any field containing K.
Thus, a parametric polynomial gives a complete description of the structure of G-
extensions over K, whereas a generic polynomial describes G-extensions over any field
containing K.
Example 1.2. It is well known (cf., for example, Kiming, 1990, Section 3) that a cyclic
extension of degree 4 in characteristic 6= 2 has the form
K
(√
r(a+
√
a)
)/
K,
where a = 1 + c2 for a suitable c ∈ K∗, and r ∈ K∗ is arbitrary. Considering c and r as
indeterminates, we conclude that the minimal polynomial over K(c, r) for
√
r(a+
√
a),
f(c, r,X) = X4 − 2r(1 + c2)X2 + r2c2(1 + c2) ∈ K(c, r)[X]
is generic for C4-extensions over K. (C4 being the cyclic group of order 4.)
The ti are the parameters in the description. Concerning those, an obvious question is:
What is the smallest number of parameters needed in a generic polynomial? (Assuming
that such a polynomial exists in the first place.)
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If M/K is a finite Galois extension with Galois group G = Gal(M/K), and pi:E → G
is an epimorphism of the finite group E onto G, we can ask whether there exists a
Galois extension F/K with M ⊆ F and Gal(F/K) ' E, such that the restriction map
res: Gal(F/K) → G corresponds to pi, i.e. such that res = pi ◦ ϕ for a suitable choice of
isomorphism ϕ: Gal(F/K) ' E. In this case we say that M/K ⊆ F/K is an embedding
along pi.
Clearly, embeddings along epimorphisms allow us to build up Galois extensions step-
wise.
Now, let p be a prime, and let K be a field of characteristic 6= p containing the primitive
pth roots of unity µp. Also, let M/K be finite Galois with Galois group G = Gal(M/K),
and let pi:E → G be an epimorphism with kernel of order p. Then we have the following
lemma.
Lemma 1.3. Assume that pi:E → G is central, i.e. kerpi ⊆ Z(E), and non-split, i.e.
kerpi is not a direct factor of E, and let M/K ⊆ F/K = M( p√ω)/K, ω ∈ M∗, be an
embedding along pi. Then all embeddings along pi are M/K ⊆ M( p√rω)/K for r ∈ K∗.
(That is, these are all embeddings along pi and every embedding along pi has this form.
Of course, different r may give the same embedding.)
A proof of Lemma 1.3 is an easy exercise in Galois theory, and can be found in Chapter
IV of Malle and Matzat (1999).
Using Lemma 1.3, it is easy to build ‘general’ G-extensions for various small p-groups,
such as D4 and Q8 (classical), D8 and QD8 (Ledet, 1998), and others.
Mainly 2-groups are considered, as they are more convenient: an extension with kernel
of order 2 is always central, and the second roots of unity are automatically present.
In this paper, we will consider a simple example of a p-group for odd p, namely the
Heisenberg group, and we will prove the existence of a generic polynomial for this group
over a field of characteristic 6= p.
2. The Heisenberg Group
For an odd prime p, the Heisenberg group of degree p is the non-Abelian group Hp3 of
order p3 and exponent p:
Hp3 = 〈u, v, w | up = vp = wp = 1, vu = uvw, wu = uw, wv = vw〉 .
It is the p-Sylow subgroup of GL(3, p), and can be taken to consist of upper triangular
matrices with 1’s in the diagonal. (u, v and w then correspond to the matrices with a 1
in position (2, 3), (1, 3) and (1, 2), respectively.)
Let σ and τ be generators for Cp × Cp. Then Hp3 maps onto Cp × Cp by pi:u 7→ σ,
v 7→ τ , and we can consider Hp3-extensions by looking at embeddings along pi.
We assume all fields to have characteristic 6= p. For the characteristic p case, we refer
to Kemper and Mattig (2000), in this volume.
first case: µp ⊆ K∗
If K contains a primitive pth root of unity ζ, it is easy to describe Cp×Cp-extensions:
They have the form M/K = K( p
√
a, p
√
b)/K, where a, b ∈ K∗ are p-independent, i.e. the
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classes of a and b are linearly independent in the Fp-vector space K∗/(K∗)p. We define
σ and τ in Cp × Cp = Gal(M/K) by
σ: p
√
a 7→ ζ p
√
a, p
√
b 7→ p
√
b
and
τ : p
√
a 7→ p
√
a, p
√
b 7→ ζ p
√
b.
Theorem 2.1. (Massy 1987, Corollary p. 523 and Theorem 3(a)) . Let M/K
be Galois with Galois group Gal(M/K) = Cp×Cp as above. Then M/K can be embedded
into an Hp3-extension along pi if and only if b is a norm in K( p
√
a)/K. Moreover, if b =
NK( p
√
a)/K
(z) for a z ∈ K( p√a), the embeddings along pi are M/K ⊆ K( p√rω, p√b)/K
for r ∈ K∗, where ω = zp−1 σzp−2 . . . σp−2z.
Theorem 2.1 can be proved directly, using only elementary Galois theory.
A construction of Hp3-extensions is now obvious: an Hp3-extension of K has the form
K
(
p
√
r zp−1 σzp−2 · · ·σp−2z , p
√
NK( p
√
a)/K
(z)
)/
K, r ∈ K∗,
where a ∈ K∗ \ (K∗)p, and z ∈ K( p√a)/K is chosen such that a and NK( p√a)/K(z) are
p-independent in K∗.
With z = z0 +z1 p
√
a+ · · ·+zp−1( p
√
a)p−1, and a, r and z0, . . . , zp−1 as indeterminates,
we get the following Corollary.
Corollary 2.2. There is a generic polynomial
F (a, r, z0, . . . , zp−1, X) ∈ K(a, r, z0, . . . , zp−1)[X]
for Hp3-extensions over K.
Proof. Define ω as above over the rational function field K = K(a, r, z0, . . . , zp−1),
and let f(a, z0, . . . , zp−1) be its minimal polynomial. Then F (a, r, z0, . . . , zp−1, X) =
rpf(a, z0, . . . , zp−1, Xp/r) is the minimal polynomial for p
√
rω over K. By Theorem 2.1,
the splitting field of F over K has Galois group Hp3 , and every Hp3-extension of K is ob-
tained as the splitting field of a specialization of F in the indeterminates a, r, z0, . . . , zp−1.
Since nothing in the construction of F is changed if K is replaced by a larger field, we
have a generic polynomial. 2
Example 2.3. For p = 3, we get
f(a, z0, z1, z2, X) = X3 − 3(z30 + aζz31 + a2ζ2z32)X2
+3(z30 + az
3
1 + a
2z32 − 3az0z1z2)(z30 + aζ2z31 + a2ζz32)X
−(z30 + az31 + a2z32 − 3az0z1z2)3
as the minimal polynomial for ω, and hence the generic polynomial
F (a, r, z0, z1, z2, X) = r3f(a, z0, z1, z2, X3/r).
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second case: a general field
Let K be an arbitrary field of characteristic 6= p. We pick a fixed primitive pth root of
unity ζ, and let Kp = K(ζ). Then Kp/K is cyclic of degree d = [Kp :K] | p − 1. Let κ
be a generator for Gal(Kp/K). Then κζ = ζe for an e ∈ Z \ pZ.
Lemma 2.4. Let ω ∈ K∗p \ (K∗p )p. Then
(a) Kp( p
√
ω)/K is cyclic, if and only if κω/ωe ∈ (K∗p )p (Albert (1938, IX. Section 7
Theorem 15)); and
(b) in that case the subextension of degree p is K(α)/K, where α =
∑d−1
i=0 κ¯
i( p
√
ω)
and κ¯ is the unique extension of κ to Kp( p
√
ω) of order d (Monier (1996, Theo-
rem 4.3(2.2))).
Next, let M/K be a p-extension with Galois group G = Gal(M/K). Then Mp/Kp,
Mp = M(ζ), is a G-extension as well, and we can identify Gal(M/K) and Gal(Mp/Kp),
as well as Gal(Mp/M) and Gal(Kp/K).
We define the map Φ:Mp →Mp by
Φ(x) = xe
d−1
κxe
d−2
. . . κd−1x, x ∈Mp.
Let pi:E → G be a non-split epimorphism with kernel of order p, and assume that
Mp/Kp ⊆Mp( p
√
β)/Kp is an embedding along pi for some β ∈M∗p . Then σβ/β = xpσ for
σ ∈ G and suitable xσ ∈ M∗p , and we can extend σ to Mp( p
√
β) by σ¯ p
√
β = xσ p
√
β. We
note that
σ¯τ¯στ−1 p
√
β
p
√
β
= xσ σxτ x−1στ ∈ µp, σ, τ ∈ G.
Letting ω = Φ(β) and yσ = Φ(xσ), we clearly get σω/ω = ypσ. Moreover, κω/ω
e =
(β−(e
d−1)/p)p, and so Mp( p
√
ω)/K is Galois.
Now, if ω = ξp for a ξ ∈M∗p , we must have σξ/ξ = ζσ yσ for a ζσ ∈ µp, and thus
(xσ σxτ x−1στ )
ded−1 = yσ σyτ y−1στ = ζ
−1
σ ζ
−1
τ ζ
−1
στ .
It follows that
xσ σxτ x
−1
στ = η
−1
σ η
−1
τ ηστ
for ηρ ∈ µp. But then, by picking ησ xσ instead of xσ, we get σ¯τ¯ = στ , contradicting our
assumption that pi is non-split. Thus, ω is not a pth power in Mp.
We extend σ to Mp( p
√
ω) by σˆ p
√
ω = yσ p
√
ω, and let λ ∈ Gal(Mp( p
√
β)/Mp) and
λ′ ∈ Gal(Mp( p
√
ω)/Mp) be given by λ p
√
β = ζ p
√
β and λ′ p
√
ω = ζ p
√
ω. Then we get an
isomorphism Gal(Mp( p
√
β)/Kp) ' Gal(M( p
√
ω)/Kp) by σ¯ 7→ σˆ and λ 7→ λ′ded−1 .
Thus, Mp/Kp ⊆ Mp( p
√
ω)/Kp is an embedding along pi as well. Also, since κω/ωe ∈
(M∗p )
p, Gal(Mp( p
√
ω)/M) is cyclic, and so Gal(Mp( p
√
ω)/Kp) = E × Cd, where E =
Gal(M( p
√
ω)/Kp) and Cd is generated by the unique pre-image κ¯ of κ of order d. This
pre-image is given by κ¯ p
√
ω = β−(e
d−1)/p( p
√
ω)e.
This gives us most of the following theorem.
Generic and Explicit Realization of Small p-groups 863
Theorem 2.5. (Ledet 1996, Corollary 2.5) . Let M/K be a p-extension with Ga-
lois group G = Gal(M/K), and let pi:E → G be a non-split epimorphism with ker-
nel of order p. If Mp/Kp ⊆ Mp( p
√
β)/Kp, β ∈ M∗p , is an embedding along pi, so is
M/K ⊆ M(α)/K, where ω = Φ(β), κ¯ p√ω = β−(ed−1)/p( p√ω)e and α = ∑d−1i=0 κ¯i p√ω,
and all embeddings of M/K along pi are obtained in this way by replacing β with rβ for
r ∈ K∗p .
Corollary 2.6. M/K is embeddable along pi if and only if Mp/Kp is.
Remark 2.7. If E is a cyclic p-group, Theorem 2.5 is contained in Albert (1938, IX.
Section 7). If E is non-Abelian of order p3 (such as the Heisenberg group), it is contained
in Brattstro¨m (1989, Theorem 4). More generally, Monier (1996) deals with the case
where G is an Abelian p-group.
The above corollary to Theorem 2.5 is a special case of the Second Kochendo¨rffer
Theorem, (cf. Kochendo¨rffer, 1953).
Corollary 2.8. There exists a parametric polynomial of degree p2 with d(p+2) param-
eters for Hp3-extensions over K.
Proof. Let M/K be an Hp3-extension. Then Mp/Kp is an Hp3-extension as well, and
since Kp contains the pth roots of unity, it can be described as in the previous section:
Mp = Kp( p
√
rω, p
√
b), where r, b ∈ K∗p , b is the norm of an element z in a Cp-extension
Kp( p
√
a)/Kp, and ω ∈ Kp( p
√
a) is an expression in the conjugates of z.
Now, Kp( p
√
a)/K and Kp( p
√
b)/K are Cpd-extensions, allowing us to use Lemma 2.4,
and we see that we may assume a = Φ(α) and b = Φ(NKp( p
√
a)/Kp
(y)) for some α =∑d−1
i=0 αiζ
i ∈ K∗p and y =
∑
i,j yijζ
i( p
√
a)j ∈ Kp( p
√
a)∗. (Here, Φ is the map defined
above.) Additionally, we write r =
∑d−1
i=0 riζ
i.
Mp is the Galois closure of Kp( p
√
rω)/Kp, and so, by Monier’s result, M is the Ga-
lois closure for K(
∑d−1
i=0 κ¯
i( p
√
rω))/K. Calculating the minimal polynomial for
∑d−1
i=0
κ¯i( p
√
rω) over K gives us a polynomial where the coefficients are expressions in the αi,
yij and ri. Considering the αi, yij and ri as indeterminates, we have our parametric
polynomial. 2
Example 2.9. Again, we look at p = 3. If µ3 6⊆ K∗, we must have d = e = 2, and thus
Φ(x) = x2κx. However, we can modify Φ(x) by a third power without changing the cubic
extension given by 3
√
Φ(x), and so we let Φ(x) = κx/x instead. (This simplifies matters
below.) With α, y and r as above, we get
ω =
κ(ry2σy)
ry2σy
,
and so κ¯ 3
√
ω = 1/ 3
√
ω. Now, if f(X) ∈ K[X] is the minimal polynomial for ω + 1/ω
over K, f(X3 − 3X) is the minimal polynomial for 3√ω + 1/ 3√ω, and so the parametric
polynomial is
(X3 − 3X − γ)(X3 − 3X − σγ)(X3 − 3X − σ2γ),
864 A. Ledet
where
γ =
r2y4σy2 + κ(r2y4σy2)
ry2σy κ(ry2σy)
.
Of course, to get the parametric polynomial of Corollary 2.8, we should express this in
terms of the coefficients of α = α0 +α1ζ, r = r0 +r1ζ and y = y00 +y01 3
√
a+y02( 3
√
a)2 +
y10ζ+y11ζ 3
√
a+y12ζ( 3
√
a)2. This, however, gives rather complicated expressions, and so
we will simply note that the coefficients of the polynomial are rational functions in these
coefficients.
Remark 2.10. For primes >3, a parametric polynomial for Hp3 over Q will be much
more complicated. It should be noted, however, that the construction given above can be
used to produce concrete examples of Hp3-extensions. For instance, an H125-extension
of Q can be found by letting α = e2pii/5 and z = 1− e2pii/25 + e4pii/25.
generic polynomials
With a little extra work, it is possible to establish the following theorem.
Theorem 2.11. Assume that p2 does not divide ed − 1. (This can always be assumed,
since we can replace e by e + p if necessary.) Then the polynomial in Corollary 2.8 is
generic for Hp3-extensions over K.
Proof. Let F/L be an Hp3-extension of a field L containing K. With R = Kp ⊗K L
and S = Kp ⊗K F , we then have a Cd ×Hp3-extension S/L (of commutative rings).
The idea of the proof is to establish that S/L has the same structure as the one
described in the previous section for Mp/K, when M/K is an Hp3-extension. We do this
by using R instead of Lp to get the same cyclotomic structure, and to take the pth root
of an element d to be an element with minimal polynomial Xp − d, whether or not this
polynomial is irreducible.
Now, by Saltman (1982, Theorem 2.3), the subring Sv,w of elements in S fixed by v
and w has the form Sv,w = R[λ], where λp = a = Φ(α) ∈ R∗ and uλ = ζλ. Similarly,
we have Su,w = R[γ], where γp = b = Φ(β) ∈ R∗ and vγ = ζγ. Next, S = R[λ, γ,Ω]
for an Ω with Ωp = ω ∈ R[λ]∗ and wΩ = ζΩ. (Thus, the extensions Sv,w/R, Su,w/R
and S/Sw are all obtained by adjoining pth roots as described above, in analogy with
ordinary Kummer theory.)
Let x = uΩ/Ω. Then xuxu2x . . . up−1x = 1 and vx = ζx. With z = γ/x, this gives us
z ∈ R[λ]∗ and b = z uz . . . up−1z.
The automorphisms u and κ commute, and since Φ(Φ(β)) differs from Φ(β)de
d−1
by
a pth power, we can replace β by a power of b without changing R[γ]. Thus, we may
assume that b = Φ(β) where β = y uy . . . up−1y. Comparing Φ(y) with z = γ/x, we get
from Hilbert 90 that Φ(y) = γ/x · uδ/δ for some δ ∈ R[λ]∗.
Look at ω′ = Φ(yp−1uyp−2 . . . up−2y) ∈ R[λ]∗. As uω′ = (γ/Φ(y))pω′, we must have
ω = rδpω′ for an r ∈ R∗.
Again by Saltman (1982, Theorem 2.3), we get κω/ωe ∈ (R[λ, γ]∗)p, and can thus
replace ω by Φ(rω′) without changing R[λ, γ][Ω].
Hence, the structure of S/L is essentially as in the previous section, except that S
is not necessarily a field, but only a Galois algebra. Since α =
∑d−1
i=0 κ
iΩ is in F , but
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not in R, we see that F/L is the Galois closure of L(α)/L, and as α is the root of a
specialization of the polynomial in Corollary 2.8, the proof is complete. 2
Remark 2.12. Thus, it is possible to find a generic Hp3-polynomial with d(p + 2) pa-
rameters, when [Kp :K] = d. This gives us an upper limit to the number of parameters
required, and the obvious question is: what is the minimal number of parameters needed
over a given field?
For results about small p-groups in the context of generic extensions, see Blue (2000).
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